We develop an exact functional method applied to the bosonic string on a shperical world sheet, in graviton and dilaton backgrounds, consistent with conformal invariance. In this method, quantum fluctuations are controlled by the amplitude of the kinetic term of the corresponding stringy σ-model, and we exhibit a novel non-perturbative non-critical string configuration which appears as a fixed point of our evolution equation. We argue that this string configuration is an exact solution, valid to all orders in α ′ , which is consistent with string scattering amplitudes. The dilaton configuration is logarithmic in terms of the string coordinate X 0 , and the amplitude of the corresponding quantum fluctuations is independent of the target space dimension D; for D = 4, the corresponding Universe, in the Einstein frame, is static and flat. A linearization around this fixed point leads to a slowly expanding, decelerating Universe, reaching asymptotically (in Einstein time) the Minkowski Universe. Moreover, the well-known linear (in terms of X 0 ) dilaton background, which is a trivial fixed point of our evolution equation, is recovered by our non trivial fixed point for early times. This feature explains the time evolution from a linearly expanding Universe to a Minkowski Universe.
Introduction
String Cosmology has always been a fascinating subject, rich in formalism and physical ideas, and far from being completely understood to date. In view of recent advances in astrophysical observations, pointing towards a current-era acceleration of the Universe, string cosmology becomes even more challenging a subject, given the claims for the existence of a mysterious dark component of the Universe's energy budget, which causes the acceleration today according to the observations. In the context of strings, the dark energy will most likely not be a cosmological constant, since strings, at least in their perturbative formulation, require the existence of a well-defined gauge invariant scattering matrix, something which is incompatible with de Sitter Universes.
The existence of a dynamical dark energy requires an appropriate exit from the de Sitter phase, so that no cosmological horizons exist asymptotically, and hence an S-matrix is well defined. An important feature of string cosmology is the dilaton, that is the scalar field in the gravitational multiplet, which may play the rôle of the current-era quintessence field [1, 2] .
In recent works [3] we have identified the late times stringy cosmology with a linear-dilaton cosmology of [1] , which from a σ-model (perturbative) view point is an exact conformal field theory solution, and as such an acceptable equilibrium background of strings. In terms of the "physical" Robertson-Walker-Einstein metric and coordinate system, defined in [1] , and reviewed below, such a universe corresponds to a linearly (in cosmic time) expanding spacetime. However, as the authors of [1] themselves remark it is still unknown whether there exists an exit phase into a Minkowski static space time, which would constitute an equilibrium asymptotic situation. Linearly expanding Universes are the simplest cases of expansion, and it is reasonable to expect that, if one understands properly the exit from such phases, then it might be possible to get a grasp of the much more complicated problem of "graceful exit" from exponentially expanding inflationary phases.
In the present article we shall attempt to present some ideas towards this direction, by means of analysing string cosmology from a novel perspective. Specifically, we shall treat the σ-model describing the propagation of (bosonic) string in graviton and dilaton cosmological backgrounds by means of a a novel functional method of controlling quantum fluctuations in the two-dimensional world-sheet effective action. Our aim will be to obtain in this way novel non-perturbative (in the Regge slope α ′ ) string configurations, which could constitute the exit phase of the configuration of [1] in a way to be specified below.
This method was initially proposed in [4, 5] in an attempt to discuss quantum fluctuations in effective theories without reference to a running cut-off scale. Reviews of this method, as well as applications to different models, can be found in [6, 7] . The idea is to control quantum fluctuations of a system by varying the bare mass of a theory. When this mass is large, quantum fluctuations are frozen and the system is classical. As this bare mass decreases, quantum fluctuations gradually appear and the system gets dressed. The interesting point is that an exact evolution equation for the effective action with the bare mass can be obtained, and it was shown that the flows in this bare mass are equivalent to the usual renormalization flows at one loop. Beyond one loop, the non perturbative aspect of this method leads to new insights into renormalization flows.
The renormalization group method lies at the heart of the first quantization of string theory [8] . Indeed, the latter is formulated as a two-dimensional world-sheet quantum field theory, propagating in various target-space background fields, which from a two-dimensional viewpoint appear as (an infinite set of) "coupling constants" g i , with the index i running in both fieldtheory-species space and target space time, e.g. g i = {G µν (y), φ(y) . . .}, with y coordinates of a D-dimensional target-space time, G µν a metric tensor, φ a dilaton field etc. In conventional RG approaches, the world-sheet infinities of the underlying (renormalizable) two-dimensional quantum field theory are absorbed in appropriately renormalized background fields g i R , characterized by some β-functions
, with ln(L/a) 2 a Wilsonian world-sheet renormalization scale, with L the size of the world-sheet of the string, and a an appropriate short-distance cutoff. Removal of the (length) cutoff a → 0, therefore, corresponds to infinite-size world sheets.
In general, as in any other renormalized theory, there are relevant, marginal and irrelevant world-sheet deformations, which perturb a fixed-point theory away from the local scale invariant (conformal) point. Consistency of the underlying string theory requires conformal (local scale, Weyl) invariance, which in turn implies certain conditions on the coupling constants, characterizing the fixed-point theory. These conditions may be summarized by the vanishing of the so-called Weyl-anomaly coefficients of the σ-model, related to the β i -functions byβ i = β i + δg i , where δg i are appropriate functionals having the form of target-space diffeomorphism variations of the corresponding couplings/fields g i . In this way, the fixed points in the theory space of stringy σ-models are not simply given by the vanishing of the β i , but by the vanishing of
The extra terms δg i R express the underlying target-space diffeomorphism invariance of the string theory, whose couplings g i R are fields in target space. The reader should notice that this latter property is not a feature shared by the coupling constants of ordinary field theories. The physical importance of (1) lies, of course, on the fact that it determines the consistent spacetime backgrounds of strings, thereby providing important insight into the low-energy physics phenomenology [8] .
An important remark is in order at this point. In a perturbative α ′ (Regge slope) expansion, the leading order graviton β-functions contains the Ricci tensor of the string. Ignoring nonconstant dilatons for the moment, this would imply that a consistent background (1) in strings is the Ricci flat space time, which is a vacuum solution of a target-space (Einstein) effective theory. In the presence of dilatons, the effective action becomes more complicated, of the form of a Brans-Dicke scalar/gravity theory [8] .
A non-trivial time dependence of the dilaton, in fact linear time dependence, has been shown in [1] to be possible, satisfying the conditions (1), leading to string theory backgrounds with cosmological significance. The resulting space-time metrics where actually found to describe Universes with a linearly expanding (or contracting) scale factor, in the so-called Einstein cosmic frame. The latter is a system of target-space-time coordinates and field configurations, in which the metric field was redefined by appropriate exponential dilaton factors so as to ensure a canonical form for the Einstein curvature term in the effective action, with no Brans-Dicke scale factors in front. The cosmic time on the other hand, was defined in such a way that the metric in the Einstein frame had the standard Robertson-Walker form
For future use we remind the reader that the Einstein-frame metric g E µν is related to the metric G µν of the original σ-model (σ-model-frame metric) by [1] 
and the time t E is related to the time coordinate X 0 of the σ-model by:
The appropriate dilaton configuration leading to (2) was linear in X 0 :
while the σ-model metric G µν = η µν was Minkowski flat, corresponding, in the Einstein frame, to a Robertson-Walker metric with a scale factor depending linearly on the Einstein time-t E , which can be expanding or contracting, depending on the algebraic sign of Q. In fact, the solution of [1] allowed for a consistent formulation of strings in other than D = 26 dimensions, and it was the first example of a non-critical string [9] , with the time X 0 playing the rôle of the Liouville mode, which has time-like signature.
Liouville strings correspond to σ-models which are perturbed by deformations away from their conformal points in string theory space {g i }. The conformal invariance is restored, provided the theory is "dressed" by the Liouville mode, ϕ, which appears as an extra dynamical field in the σ-model, coupled to the world-sheet curvature term in the action, hence contributing to the dilaton field, which thereby acquires special significance [9, 1] . If the non-critical stringy σ-model has a central charge deficit, i.e. the central charge of the theory is less than that necessary for the σ-model to be critical, then the Liouville mode has space-like signature, in the sense that the kinetic term of the Liouville field in the two-dimensional action appears with the signature of the kinetic term of the target spatial coordinate fields in a stringy σ-model. On the other hand, if there is a central charge surplus (supercritical string [1] ), the Liouville field has time-like signature, and may play the rôle of the target time [1, 10] .
The restoration of conformal invariance by the presence of this extra σ-model field means that a non-critical string in D target-space dimensions can become a critical one in (D+1) dimensions. However, in [10] an alternative to the traditional Liouville dressing procedure has been suggested, according to which the dimensionality of the target space of the non-critical string remains the same as that before the dressing. This can be achieved as follows: one starts with a non-critical σ-model formulated on a D-dimensional target space time (X 0 , x). The initial non-criticality may be due to catastrophic cosmic events, for instance the collision of two brane worlds [11] . The Liouville dressing procedure initially leads to a (D + 1)-dimensional target space, but, eventually, dynamical reasons [11] , such as minimization of appropriate effective potentials, impose the identification of the world-sheet zero mode of the Liouville field itself with (a function of) the target time X 0 , thereby keeping the target space D-dimensional. Only certain backgrounds are consistent with such an identification, but fortunately among those there are some with cosmological interest, including inflationary models [12] , and in general expanding Universes in string theory [3] , which for large cosmic times asymptote to the lineardilaton solutions of [1] .
The Liouville dressing procedure may be viewed in some sense as a special renormalization of the two-dimensional world-sheet theory, in which the RG scale is itself a dynamical field, responsible for the restoration of conformal invariance. The zero mode of the Liouville field may be related to the logarithm of the world-sheet area, which thus provides the running scale. The restoration of conformal invariance implies the independence of the target-space dynamics from world-sheet physics. We note here that an exact RG approach to Liouville strings was applied in [13] , where the standard quantum Liouville field theory was derived as a solution of a flow equation. There the authors discuss the validity of the truncation in the space of action functionals, in a consistent way with Weyl invariance.
In the framework of conformal theories, though, it is interesting to explore the possibility of the alternative approach of [4] to stringy σ-models, in order to get rid of any dimensionful quantity, which is possible, as we will see. In our framework both critical and non critical σ-models appear formally equivalent, since, as mentioned above, a Liouville-dressed string is a critical one in one dimension higher, or sometimes [10] even in the same dimension. In particular, we shall be interested in finding novel cosmological backgrounds in string theory by following such alternative "renormalization" methods. As we shall discuss, this novel method is closer in spirit to the Liouville approach of [10, 12] , in which although one starts with an independent scale, the Liouville mode, eventually the latter is identified with a function of the cosmic time. We stress that our flows (with respect to the control parameter) are not Wilsonian. The flow equations are associated primarily with the dilaton term of the σ-model, which couples to the world-sheet curvature. In this sense, our evolution equation is related to a change in the dilaton, in similar spirit to the Liouville theory [9] . Moreover, as we shall see, our non-trivial solution pertains strictly to strings in non-critical dimension, D = 26, but with conformal invariance conditions satisfied. This is achieved by means of the time-field X 0 which plays the rôle of the conformal-invariance restoring mode in such configurations (the analogue of the Liouville mode in conventional non-critical strings [9] ).
From a technical point of view it should be stressed that, if one wishes to apply the alternative method of [4, 5] to the world-sheet field theory of a stringy σ-model, one needs a modification. In the case of bosonic or supersymmetric strings propagating in the background of the massless string-multiplet, which we shall be dealing with in this work, i.e. in the absence of tachyons, no mass term is present in the two-dimensional world-sheet action. Nevertheless, the same method as in [4] can be used, but now one should be looking at the evolution of the quantum theory with the amplitude of the kinetic term, controlled by a dimensionless parameter λ.
The structure of the article is as follows: the evolution equation for the dilaton with respect to the control parameter λ is derived in Section 2. We study the fixed point solutions of this exact equation, taking into account also the Weyl invariance constraints of the σ-model. We first demonstrate, as a consistency check, that the linear dilaton configuration of [1] is an exact solution of our evolution equation, corresponding to a trivial fixed point. Then we proceed, in section 3, to find another exact solution, pertaining to a non-trivial fixed point of the evolution with λ. In section 4 we provide arguments on the non-perturbative (in terms of the Regge slope α ′ ) nature of our solution, which satisfies the σ-model conformal invariance conditions to all orders. In section 5 we discuss a linearization about the non-trivial fixed point solution, by discussing the way this fixed point is approached for large cosmic times. In section 6 we embark on a discussion of the cosmological implications, by demonstrating that our non-trivial solution is characterized, in four large (uncompactified) dimensions, by a dilaton configuration, which is logarithmic in the σ-model-frame time, X 0 , and a target-space metric, which, in the Einstein physical frame, turns out to be the (static) Minkowski space time. We discuss the rôle of this solution as providing the exit phase of the linearly expanding Universe of [1] , emphasizing the fact that only non-critical-dimension string models can admit such timedependent vacua. The non trivial solution in dimensions other than four can accommodate accelerating expanding Universe without a cosmic horizon. Finally, in section 7 we present our Conclusions and Outlook. Some technical details of our approach are given in two Appendices. Details of the functional method can be found in Appendix A, while details of the derivation of the Weyl-invariance constraints are provided in Appendix B.
Exact evolution equation
We consider a spherical world sheet with a curvature scalar R. The bare action of the Bosonic σ-model in Graviton and Dilaton backgrounds reads [8] 
where η µν is the flat Minkowski target-space metric. The parameter λ controls the amplitude of the kinetic term: for λ >> 1, the latter dominates over the bare dilaton φ B term, and the theory is classical. As λ decreases, the effects of the interactions in φ B gradually appear and the quantum theory settles in. We note the following points:
• The variables X k , k = 0, do not play a dynamical role in our study since we consider a dilaton depending on X 0 only. This is because we are interested, in the spirit of [1] , in constructing cosmological backgrounds only.
• The linear dilaton V µ X µ plays the role of a source term for X µ , so as to define the effective action, as explained in Appendix A;
• The expression for the classical dilaton φ B is not explicitly given here, but it should in principle contain interactions (at least cubic in X 0 ) so as to generate quantum fluctuations. In this work, we will concentrate on a fixed point solution of Weyl invariance conditions, i.e. a λ-independent quantum configuration of the string. A λ-dependent solution, involving a precise initial condition at λ = ∞, could be found for example by a linearization about the fixed point. The latter would then play the role of vacuum, above which quantum fluctuation would generate another theory, as λ decreases from ∞ to 1. The quantum theory is described by the effective action Γ, i.e. the proper-graph-generating functional which is defined in Appendix A. We also give there a detailed derivation of the exact evolution equation of Γ with respect to the control parameter λ, which reads:
where a dot over a letter denotes a derivative with respect to λ. In eq. (7), the symbol of the trace (defined in eq.(56) of Appendix A) contains the quantum corrections to S. In order to obtain physical information on the system, eq. (7) should in principle be integrated from λ = ∞ to λ = 1, which is the appropriate regime of the full quantum theory.
An important remark is in order, so as to point out the differences from Wilsonian flows and to avoid confusion: the bare kinetic term does not play the role of a regulator. We need a regulator (cut off Λ in this case) so as to define our flow with λ. The latter is therefore well defined, for a fixed regulator Λ;
We now derive the evolution equation for the quantum dilaton with λ. For this one must have knowledge of the functional dependence of Γ on the quantum fields. This can be achieved by means of a gradient-expansion approximation, which assumes that, for any value of λ, Γ takes the form:
where f, l are λ-dependent functions of X 0 . The latter are different for the time (X 0 ) and space (X k ) coordinates, since the respective quantum fluctuations are different. For the moment we allow l λ to be a general function of X 0 . Its precise form, as well as the form of f λ , will be determined in the next section, by taking proper account of the constraints imposed by the requirement of conformal invariance of the σ-model.
To obtain the evolution of φ, we will consider the limit of a flat world-sheet metric γ ab = δ ab from the beginning. This will be sufficient, since, as we shall see, the final evolution equation (14) is independent of any length scale and thus a flat world sheet will suffice. This is also consistent with the conformal invariance conditions, which ensure the independence of the physical results on the world-sheet geometry (for fixed topologies). As we show in Appendix A, the approximation (8), when plugged in the exact evolution equation (7), leads to:φ
where Λ is the world sheet UV cut off and a prime denotes a derivative with respect to X 0 . In order to cancel the quadratic divergence and remain at most with logarithmic ones, consistent in a conformal theory, we impose the condition
The condition (10) shows that, in order to find a consistent solution, one needs a non-trivial function l. The latter will be found in the next section by using conformal invariance constraints. The evolution equation for φ becomes theṅ
For consistency of eq. (11), we can check that the linear dilaton configuration (5) of [1] , corresponding to a Minkowski flat σ-model-frame metric, or, equivalently, to a power-law expanding Robertson-Walker Universe in the Einstein cosmic time t E frame, is an exact solution. This solution appears as a (trivial) fixed point in the evolution with λ, which was expected, since a linear dilaton does not generate any quantum fluctuations, and thus it should not lead to any non-trivial evolution of Γ with λ apart from the classical behaviour f class = l class = λ. Note that a fixed point solution corresponds to a λ-independent solution and should not be confused with a Wilsonian fixed point, although the linear fixed point (5) is also a Wilsonian fixed point since it does not generate quantum fluctuations.
As we shall discuss in the next section, conformal invariance, which is necessary for consistency of string theory, requires another equation than eq.(11), which should be well-defined when the cutoff Λ is removed. We now proceed to discuss this important issue, which will lead to the existence of a novel fixed-point solution with respect to the flow in terms of our control parameter. This new flow equation will be, by construction, the pertinent flow equation which will replace Liouville flow in our case. As we shall argue only non-critical dimension strings will be consistent with the non-trivial fixed point solution.
3 Weyl invariance and non trivial fixed-point solution To first order in the Regge slope α ′ the conditions for conformal invariance of the σ-model theory in graviton and dilaton backgrounds are [8] :
Taking into account that in our case the target-space metric is
k , these conditions lead to the following equations (details are provided in Appendix B):
We consider now a non-trivial fixed-point solution of the evolution equation (11) for φ, corresponding to a non vanishing Ricci tensor. To this end, it is convenient to obtain a cut-off independent equation by taking a new derivative with respect to X 0 , which in the limit Λ → ∞ leads to
It should be noted here that in this equation, φ and f can be cut off independent functions, which is not the case in eq.(11) where the cut off Λ is still present. For this reason, a solution of eq. (14) does not necessarily satisfy eq. (11) and, by construction, eq. (14) is considered as the relevant one for our purposes of satisfying conformal invariance of the string background configurations. Note that a flow equation for f λ would result in a non-linear partial differential equation involving f λ and φ λ . Among the solutions of this equation, conformal invariance picks up a specific one that we shall discuss below. This feature allows one to avoid making reference to the flow equation for f λ . Also, the flow equation for l λ cannot be obtained independently of conformal invariance, since in our case the space coordinates X k of the string do not play a dynamical role: these coordinates appear at quadratic order only, and thus do not generate quantum fluctuations. The function l λ (X 0 ) is added by hand so that the backgrounds satisfy the conformal invariance conditions. As a consequence, the condition (10) can be safely imposed, and does not lead to any contradictions with the λ-flows.
After these necessary clarifications we next proceed to determine a conformal invariant λ-flow fixed point. A fixed-point solution to the exact evolution equation (14) satisfies
and together with the first equation (13), we arrive at
where A, B, C, E are constants. The condition (10) determines the function l:
From the last two equations (13), the constants A, B should then satisfy:
Finally, the non-trivial fixed-point solution of eq. (14), consistent with conformal invariance, is Of course at this stage we are not in a position to claim that our method provides an alternative way to Liouville theory to formulate strings in space times with dimensionality other than critical. For us, D may be viewed as the number of large (uncompactified) targetspace dimensions, as in [1] , with the compact dimensions making up for the appropriate central charge deficit.
Higher orders in α ′
We now argue that the fixed point solution (19) is actually valid to all orders in the Regge slope α ′ , in the sense that the physical string amplitudes are consistent with this solution. As well known in string theory, at higher orders in α ′ , the beta-functions corresponding to conformal invariance are not fixed in a unique way, but can be changed according to local field redefinitions [14] g µν →g µν and φ →φ, which leave the (perturbative) string amplitudes invariant. Let us consider the first order in α ′ . In our case, since we must keep the condition (10) on f and l, the only allowed redefinitions are of the form
where a 1 , a 2 , a 3 , b 1 , b 2 , b 3 are constants and R, ∇ correspond to the metric g µν . Note that in the solution (19) κ becomes α ′ κ when we restore the factors α ′ . Considering this fixed point configuration, we have
such thatg
Thus, the only possible redefinitions (20) consist of adding a constant to the dilaton and rescaling the metric by another overall constant. But such transformations do not change the fixed point configuration: a constant added to the dilaton has no physical implication, and a constant multiplying the metric can be absorbed by a rescaling of the coordinates X µ , which has no influence on the dilaton since the constant B in eq.(19) can be chosen freely. Therefore any set of parameters (a 1 , a 2 , a 3 , b 1 , b 2 , b 3 ) leaves the string configuration unchanged.
Let us now look at the change of the beta functions after this field redefinition. We start from the σ-model beta-function scheme which is consistent with string amplitude considerations [14] , where we have
The field redefinitions (20) lead to new beta functions β g µν →β g µν and β φ →β φ , obtained via appropriate Lie derivatives in theory space [14] , as appropriate to the vector nature of the β i functions in this space:
In the subspace of backgrounds we are considering, β g µν and β φ are functionals of (φ, f, l) and they read
Note that, for these backgrounds, β g kl does not receive contributions of order α ′ . We now have to take the functional derivatives of the beta functions (26) and the new fields (20) in order to evaluate the new beta functions (24) and (25). For this, we use
After long but straightforward calculations, we arrive at the following results for the fixed point configuration (19), where we take B = 1 and C = 0 for the sake of simplicity,
One can easily see from these equations that, in order to cancel the beta functionsβ g µν and β φ , and hence prove the satisfaction of the conformal invariance condition by our fixed-point equation (19) to this order in α ′ , only three equations are needed. Since we have six parameters (a 1 , a 1 , a 3 , b 1 , b 2 , b 3 ) in the field redefinitions (20), it is always possible to find a solution such thatβ g µν = 0 =β φ . We conclude therefore that the string configuration (19), which is left invariant by the field redefinitions (20), is valid at one loop.
For higher orders in α ′ , a similar construction would still be valid: although the expressions for the pertinent β-functions become exceedingly complicated at very high orders, nevertheless there is enough freedom in field redefinitions to guarantee the validity of the conformal invariance conditions 1 , showing that the fixed point (19) is an exact configuration of the string, valid to all orders in α ′ . Note that the present argument is based on an expansion in α ′ whereas this parameter has disappeared from the expressions (28). This is a consequence of the fact that the metric (f, l, ..., l) is proportional to α ′ and the present construction has to be considered at each "would-be" order in α ′ .
Linearization around the fixed point
We are now looking for a linearization around the fixed point (19), where we take B = 1 and C = 0 for the sake of simplicity. We define
where the function ε is assumed small compared to φ ∞ (X 0 ) = − ln(X 0 ). Using the first condition (13) , one finds that the corresponding function f is, to first order in ε,
The resulting linearization of eq. (14) is
To find a solution of this equation, we assume the separation of variables
and the solution for η is then η(λ) = η 0 exp{−λ/λ 0 }, where η 0 and λ 0 are constants. The constant λ 0 should be positive, for the following reason. The fixed point should be reached for λ → ∞, and the perturbation ε should vanish there: the fixed point plays the role of vacuum from which quantum fluctuations occur (note that λ cannot be strictly infinite for the initial condition, otherwise the flow would never go away from the fixed point).
The remaining equation for ψ can then be solved by assuming a solution of the form ψ = exp{−A(X 0 ) a }. One easily finds that this ansatz is consistent if a = −1, which leads to A 2 = 16πκ 2 /λ 0 . Note here that λ 0 > 0 is consistent with the ansatz taken for ψ. For the function ε to be small compared to 1, independently of the values of X 0 , we must have A > 0. The solution is finally
where ε 0 is a constant. We now have to check that the dilaton (29) satisfies the last two conditions (13) , where l is given by eq.(10). The linearization of these conditions gives
and these equations are indeed satisfied, at the dominant order in 1/X 0 .
6 Cosmological implications
Scale factor for the non-trivial fixed point
We now proceed to examine the physical significance of the non-trivial fixed point solution (19) and discuss briefly its cosmological implications, in the situation where D < 26. To this end, we shall use the formalism of [1] reviewed briefly in the introduction, in particular (3), in order to obtain the physical metric in the target space as a function of the Robertson-Walker time t E (4):
where a(t E ) is the scale factor of a spatially flat Robertson Walker Universe and x µ are the zero modes of X µ . From the results (19), we have
where ε = ±1, such that
where T is a constant. We find then a power law for the evolution of the scale factor:
where
In terms of the Einstein time t E the dilaton reads, up to a constant,
We have seen above that there is no restriction on the dimension D. In the spirit of [1] , we may therefore replace D by the number of large (uncompactified) target-space dimensions, arranging appropriately the internal central charge of the compact theory to be such that the complete theory is critical.
Notice that if we take D = 4, then we obtain from (38) a constant scale factor and, hence, a flat, static, Universe. This is an important result. In this special number of uncompactified dimensions we have managed to make the correspondence of the Minkowski space time with a non-trivial fixed point of our flow.
Other important features of our non-trivial fixed point solution (38) are worth commenting. For D = 4(1 + n), n = 1, 2, . . ., we observe that the solution corresponds to an accelerating Universe, in contrast to the corresponding case of [1] , where the acceleration was zero. The expansion phase of that Universe occurs for t E < T , while there is a contraction for t E > T . There is however an accelerated rate of the scale factor in both branches. At t E = T there is an infinite scale factor, infinite rate of change of the scale factor and infinite acceleration. At that point the dilaton (40) tends to +∞ and the string theory is strongly coupled (non perturbative regime). We may view T as the (finite) lifespan of the expanding Universe. However, the acceleration on the contracting branch asymptotes to zero for t E → ∞, and is such that there is no Hubble cosmic horizon in this case, δ H ∝
→ ∞ . This is still consistent with a scattering matrix, which is essential in order to accommodate such a solution within the (perturbative) string theory framework. We stress however the fact that only non-criticaldimension (D = 26) strings can accommodate such solutions.
Scale factor for the linearized solution
We consider here the case D = 4 in order to look at the effect of the linearized solution (29), which reads for λ → 1
and ρ = ε 0 exp(−1/λ 0 ) is such that 0 < ρ << 1 for consistency of the linearized approximation. The Einstein time satisfies now
such that, in the limit t E → ∞,
where the dots stand for higher orders in (1/t E ) 2 . We obtain finally for the scale factor
We remind here that these results are derived in the linearized approximation, i.e. to the first order in ρ. Also, the values of a 1 and τ cannot be determined since they depend on the constants of integration λ 0 and ρ. Eq.(44) describes the way the Minkowski Universe is approached if one deviates from the fixed point solution (19). We observe from (44) that such a Universe is expanding but decelerating, as the cosmic time t E elapses, with an asymptotically (in time t E ) vanishing deceleration a(t E ) ∝ t
−4
E . However, a linearization about the fixed point is not the only physical possibility. It is quite possible that cosmologies of physical interest are described exclusively by the non-trivial fixed point solution (19) as the time X 0 varies. We now proceed to discuss this case.
Time evolution from the linear fixed point to the non-trivial fixed point
Coming back to the solution (19) with B = Q and C = 1, we obtain
which leads to, in the limit QX 0 << 1,
This limit recovers the linear dilaton (5), along with a flat and static target space metric, as an approximate solution for small QX 0 . In fact, from the definition of (19) we even observe that the critical string limit Q 2 → 0 is formally recovered in our construction since (c.f. (5)) Q 2 = (26 − D)/6 and κQ 2 = (D − 3)/2 is finite as D → 26. We may therefore consider the time-flow of our stringy σ-model from the linear dilaton and linearly expanding Universe to the non-trivial fixed point (logarithmic dilaton and static Minkowski space time). In this way, we can understand, for the special case D = 4, the exit from a linearly expanding Universe [1] , at early times, to the Minkowski Universe at large times, as a target space evolution of the fixed point solution (19) to the flow equation (14) .
From this point of view, the linear dilaton is not considered as the trivial fixed point of the λ-flows, but as a limiting case of our non-trivial fixed point (19) for early target times, which is the only non-trivial fixed point of the modified flow equation (14) , consistent with conformal invariance. Indeed, the reader should notice that, in the context of (14) , the trivial (linear-dilaton [1] ) fixed point would correspond to an extreme limit involving division by zero; although this could be made consistent, we think it is not necessary, and we view (19) as a possibly isolated fixed point. The exit from the linearly expanding Universe to a Minkowski space time then occurs as a result of the flow of target time , while the theory remains at the fixed point.
Conclusions and Outlook
We presented here a new functional method for the study of a stringy bosonic σ-model, where quantum fluctuations were controlled by the amplitude of the bare kinetic term. Together with the Weyl invariance conditions, we were able to find an exact non-trivial-fixed-point solution for the dilaton and the metric, characterized by a logarithmic dilaton in both the σ-modelframe time X 0 and the Einstein time t E . For D = 4 uncompactified dimensions this solution corresponds to Minkowski space time, thereby providing an exit point of the linearly expanding Universe of [1] , which corresponds to the trivial fixed-point of our flow equations. In fact, the linear dilaton configuration of [1] may also be viewed as the short time X 0 limit of our nontrivial fixed point solution. For target-space dimensions other than 4, the non-trivial solution can describe accelerating expanding Universes, without a cosmic horizon, which can, thus, be accommodated in the context of string theory, since there is a consistent scattering matrix in that case.
On the technical side of our approach, we also note that in the present situation of a conformal theory one does not need to compute the evolution of the kinetic terms of the σ-model (coupled to the graviton background) using the evolution equation (7), which would be rather cumbersome (see [4] for a similar computation). Had we done this, the Weyl invariance conditions would have given us the constants of integration of the resulting differential equation. Instead, we used here the Weyl invariance conditions from the beginning, which facilitates enormously the derivation of the evolution equations. We should stress once more that the solutions we derived pertain strictly to non-critical strings, in the sense that the central charge of the corresponding σ-model must be different from its critical (conformal) value 26. However, the Weyl invariance conditions can still be used in such non-critical strings, expressing the dressing with a Liouville mode, which in our case is identified with the time.
Before closing we would like to remark that it is also possible to apply the same method to a string with a tachyonic background. Such backgrounds may play an important rôle in early brane-Universe cosmology [3, 15] , since they can provide the initial cosmological instability, decoupling relatively quickly from the spectrum. The tachyonic background involves a mass term for the world-sheet σ-model fields, and a usual Wilsonian Exact Renormalization method has been applied to this case [16] , where the equation of motion of the quantum tachyon is found as a consequence of the independence of the theory from the world sheet cut off. This situation can be studied with the present method, where quantum fluctuations of the tachyon are controlled by the mass parameter in the world-sheet theory. The resulting evolution equation of the quantum theory would look like eq. (7), but without derivatives with respect to the world sheet coordinates inside the trace. A suitable derivative expansion for the effective action (together with the Weyl invariance conditions), plugged in this evolution equation, would then give coupled renormalization group equations for the tachyon and metric backgrounds. As in the case of the dilaton, studied in the present paper, a cut-off free evolution equation would then be obtained, enabling therefore one to study the quantum theory by means of renormalized physical quantities, in a way independent of unphysical cut off scales. We shall return to this issue in a future publication.
A final comment we would like to make concerns inflationary (de Sitter) space times in this novel framework. In ordinary Liouville strings [12] , such space times may be obtained upon the identification of the Liouville mode with the target time, with the corresponding Hubble constant H (appearing in the de Sitter scale factor a(t E ) = e Ht E ) being identified with the square root of a (constant) central-charge deficit Q. In our case, a de Sitter vacuum cannot be obtained as a fixed point of (14), and we suspect that one needs to deviate significantly from the fixed point(s) of the λ flows, along an appropriate λ-trajectory, in order to encounter such situations. We hope to be able to report progress in this direction in the near future.
The functional derivatives of Γ are:
The evolution of W with λ iṡ
where a dot denotes a derivative with respect to λ, and the trace is
We then obtainẆ
.
Finally, the evolution of Γ is obtained by noting that the independent variables of Γ are X µ and λ, such thatΓ
Using eqs. (54), (57) and (58), we finally obtain the evolution equation for Γ:
We now assume the following functional dependence:
With the metric γ ab = δ ab and a constant configuration X 0 (ξ) = Y , the second functional derivatives of Γ are δ 2 Γ δX 0 (ζ)δX 0 (ξ) = −2f ∆δ 2 (ξ − ζ) + Rφ ′′ δ 2 (ξ − ζ)
where a prime denotes derivative with respect to Y . The second functional derivatives of Γ read then, in Fourier components,
The area of a sphere with curvature scalar R is 8π/R such that, with the constant configuration X 0 = Y , we have Γ = 8πφ λ (Y ),
and the trace appearing in eq. (59) is
(64)
To compute this trace, we used the fact that δ 2 (p = 0) = world sheet's area = 8π R .
The evolution equation for φ is finally obtained by putting together results (59), (63) and (64):
(66)
Appendix B
The Weyl invariance conditions are, to first order in the Regge slope α ′ [8] :
We first compute the Ricci tensor of the target metric, starting from g µν = diag{f (X 0 ), l(X 0 ), ..., l(X 0 )}.
The Christoffel symbols can be easily derived, as usual, from the geodesic equations of the action
Setting δI/δx
